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GLOBALLY GENERATED VECTOR BUNDLES ON THE 
SEGRE THREEFOLD WITH PICARD NUMBER TWO 

E. BALLICO, S. HUH AND F. MALASPINA 


Abstract. We classify globally generated vector bundles on P 1 x P 2 
with small first Chern class, i.e. ci = ( a,b ), a + b < 3. Our main 
method is to investigate the associated smooth curves to globally gen¬ 
erated vector bundles via the Hartshorne-Serre construction. 


1. Introduction 

Globally generated vector bundles on projective varieties play an impor¬ 
tant role in classical algebraic geometry. If they are nontrivial they must 
have strictly positive first Chern class. The classification of globally gener¬ 
ated vector bundles with low first Chern class has been done over several 
rational varieties such as projective spaces mm and quadric hypersur¬ 
faces [3] . There is also a recent work over complete intersection Calabi-Yau 
threefolds by the authors (3j . 

There are three types of Segre varieties of dimension 3: P 3 , P 1 x P 2 and 
P 1 xP 1 xP 1 . In this paper we examine the similar problem of classification of 
globally generated vector bundles for the Segre variety P 1 x P 2 , the product 
of a projective line and a projective plane. Note that the classification is 
already dealt in the case of P 3 in mm- 

The Hartshorne-Serre correspondence states that the construction of vec¬ 
tor bundles of rank r > 2 on a smooth variety X with dimension 3 is closely 
related with the structure of curves in X and it inspires the classification 
of vector bundles on smooth projective threefolds. There have been several 
works on the classification of arithmetically Cohen-Macaulay (ACM) bun¬ 
dles on the Segre threefolds Eiimm and so it is sufficiently timely to classify 
the globally generated vector bundles on the Segre threefolds. 

Our main result is to classify globally generated vector bundles on P 1 x P 2 
with low first Chern class ci, up to trivial factor. When c\ = (1,2) or 
ci = (2,1), we have the following result (see Theorem 15.121 and Theorem 
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14.81 for a more general form in which for some of the invariants (s; f\, f' 2 ; r) 
there bundles are described, up to isomorphisms): 

Theorem 1.1. Let £ be a globally generated vector bundle of rank r at least 
2 on X = P 1 x P 2 with the first Chern class c\ = (1,2) or c\ = (2,1) and 
the second Chern class 02 ( 8 ) = (/i,/ 2 )- If £ has no trivial factor, then the 
quadruple (s; f\, f' 2 ; r) is one of the following: 

(s is the number of connected components of associated curve.) 

f ( 1 ; 1 , 1 ; 2 ), ( 1 ; 0 , 2 ; 2 ), 

l (1; 4,4; 3 < r < 11), (1; 3, 3; 3 < r < 7), (1; 2, 3; 3 < r < 8), 

[ (1; c, 2; 3 < r < c + 2) with c £ {1, 2, 3,4} 

when ci = (1,2); and 

( (s; 0, s' r) with 1 < s < 3 and 2 < r < s + 1, 

\ (1; 1, 6; r) with 1<6<4, r = 2 if b = 1, and 2><r<2bifb>2 

when ci = (2,1). 

Note that we have C 2 (£) = (/ 1 , ./g) = (e 2 , ei) where (ei, e 2 ) is the bidegree 
of a curve associated to £ via the Hartshorne-Serre correspondence (see 
Definition 13.41) . For cases ci £ {(1,1), (a, 0), (0, b ) | a, b £ N} we also obtain 
similar classification of possible quadruples (s;/i,/ 2 ;r) in Proposition 13.71 
Proposition 13.81 and Corollary 12.81 These results give us a complete answer 
for the classification of globally generated vector bundles with the first Chern 
class ci with (0,0) < ci < (2,2). We also completely describe the globally 
generated vector bundles with respect to quadruple (s' fi, f 2 ',r) in most 
cases. In the rank 2 case the list is so short that we may put it in the 
introduction. 

Theorem 1.2. Let £ be a globally generated vector bundle of rank 2 on 
X = P 1 x P 2 with no trivial factor and the first Chern class ci such that 
(0,0) < ci < (2,2). Then £ is isomorphic to either 

(1) a direct sum of two line bundles, or 

(2) a Ulrich bundle arising from a non-trivial extension 
O->0 X (O,1) -+£ ^O x (2,0) -+0, 

(3) a twist of 7T2(TP 2 (— 1)). 

So in the rank 2 case we found no unexpected bundle, finitely many iso¬ 
morphism classes of bundles and these isomorphic classes are distinguished 
by their ci and C 2 . The situation is quite different in rank higher than 2, al¬ 
though sometimes an expected bundle of high rank gives a full classification 
for lower ranks (see Proposition 15.111) . 

Let us here summarize the structure of this paper. In Section 2, we intro¬ 
duce the definitions and main properties that will be used throughout the 
paper, mainly the Hartshorne-Serre correspondence that relates the glob¬ 
ally generated vector bundles with smooth curves contained in the Segre 
threefolds. In Section 3 we collect several general results when one factor of 
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bidegree of associated curve is 1, and deal with the case of c\ = (1,1). In 
Section 4 and 5 we keep classifying the globally generated vector bundles 
with ci = (2,1) and ci = (1,2) respectively. 

2. Preliminaries 

In this section we introduce the definitions and main properties of Segre 
varieties as well as the Hartshorne-Serre construction. 

Definition 2.1. For ni,...,n s € N, let us define the Segre variety X = 
S ni ,...,n s to be the product P" 1 x • • • x P™ s of s projective spaces. 

Letting 7 d : P ni x • • • x P ns —>• P ni be the projection to the z-th factor, we 
denote (ai) <g> • • • <g> 7r*0pn s (a s ) by Ox{a i, ■ ■ ■, a s ). For our simplicity 

let us denote Ox (a ,..., a) by Ox (a), if there is no confusion. For a coherent 
sheaf £ on X, we denote £ (g> Ox(a i,..., a s ) by £{a \,..., a s ) and the dual 
sheaf of it by £ v . 

The intersection ring A(X) is isomorphic to yl(P ni ) (£}••• (g> A(P ns ) and so 
we have 

(1) A{X)~ Z[t 1 ,...,t s \/W 1+ \...,t? +1 ). 

Then X is embedded into ¥ N with N = f([* =1 (nj-fT) ~ 1 by the complete lin¬ 
ear system \Ox{1)\- Note that A l (X) = Z® s by aiti+- • • a s t s i-> (ai,..., a s ). 

Let £ be a globally generated vector bundle of rank r on X with the first 
Chern class ci(£) = (ai,... ,a s ). Then it fits into the exact sequence 

(2) 0 > 0f r ~ l) l c (ai, ....o.J-fO, 

where C is a locally complete intersection of codimension 2 on X by m Sec¬ 
tion 2. G]. If C is empty, then £ is isomorphic to 0^ r © Ox(ai, • • •, a s ). 

In this article we will mainly work on X = P 1 x P 2 and so the locally 
complete intersection C would be a curve in X. 

Proposition 2.2. [12] If £ is a globally generated vector bundle of rank r 
on X with the first Chern class c\ such that H°(£(—ci)) / 0, then we have 
£~0f r ~ 1) ®0 x (c l ). 

In particular, in the classification of globally generated vector bundles on 
X, we may assume that C is not empty and H°(£(—ci)) = 0. 

Let 7Tj : X —> P” 1 x • • • F ni x • • • x P” s denote the natural projection. 

Proposition 2.3. Let c i = (ai,...,a s ) £ with a s = 0. Then there is 
a bijection given by £ i-a n*(£) between the set of spanned vector bundles £ 
of rank r on P ni x • • • x P^- 1 with c\{£) = (ai,...,, a s _i) and the spanned 
vector bundles of rank r on X with the first Chern class c\. Moreover we 
have 

(1) h\ P ni x ••• x P"- 1 ^) = h*(X, ir*(£)) for all i > 0; 

(2) for any spanned bundle Q on X with c\(Q) = 0, we have Q = 
7t*(7t s *(£)) with n S t,(G) a spanned bundle on P” 1 x • • • x P ns_1 . 
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Proof. The last statement follows from the projection formula and the Leray 
spectral sequence of k s , because -kg* (Ox) — CVu x -xP"»-i and R l ir s *(Ox) = 
0 for all i > 0. Fix a spanned vector bundle Q of rank r on X with ci(£?) = 0 
and let ip : X — > G(r, m) be the associated morphism to a Grassmannian 
with m = hP(G). To prove the first assertion it is sufficient to prove that ip 
is constant on every fiber of 7r s . Let L = P na be any fiber of k s and then the 
vector bundle G\ L is spanned with trivial determinant. Therefore G\ L — Of 1 
and so ip(L) is a point. Since Q = k s . M (£) for some £ on P ni x • • • x P ns_1 , 
the projection formula gives £ = k S *(G). □ 

Let us say that a line bundle TZ on X has property o if the following 
conditions are satisfied: 

(1) TZ is globally generated; 

(2) TZ A Ox] 

(3) If .A is a globally generated line bundle with H°(7Z <g> A w ) A 0, then 
we have either A = Ox or A = TZ. 

When we have dim(7f) = 3, the Hartshorne-Serre correspondence can be 
stated as follows: 

Theorem 2.4. [21 Theorem 1] Let TZ be a line bundle on X with o. 

(i) There is a bijection between the set of pairs (£,j), where £ is a 
spanned vector bundle of rank 2 on X with det(£) = TZ and j : 
I€ —> H°(£) is non-zero map, up to linear automorphisms of K, 
and the smooth curves C C X with Zc <8> TZ spanned and ojc = TZ\ C , 
except that (7 = 0 corresponds to Ox © TZ with a section s nowhere 
vanishing. 

(ii) Fix an integer r > 3. There is a bijection between the set of triples 
(£, V, j), where £ is a spanned vector bundle of rank r on X with 
det(£") =TZ, V is an (r — l)-dimensional vector space and j : V — 
H°{£) is a linear map, up to a linear automorphism of V, with 
dependency locus of codimension 2, and the smooth curves C C X 
with Zc <8> TZ spanned and ojc <S> Ox <S> TZ y spanned, except that (7 = 0 
corresponds to O^ 1 ®TZ with V = H° (0® <r ~ 1 )). £ has no trivial 
factors if and only if j is injective. 

(iii) There is a bijection between the set of all pairs (F, s), where TF is 
a spanned reflexive sheaf of rank 2 on X with det(£) = TZ and 0 A 
s £ H°(£), and reduced curves C C X with Zc <S> TZ spanned and 
ojc <8> 7 Z v spanned outside finitely many points, except that (7 = 0 
corresponds to Ox © TZ with s nowhere vanishing. 

Example 2.5. On a smooth and connected projective threefold X, let us 
fix a globally generated line bundle C with h°(C) > 2 and set r := h°(C) — 1. 
Since L is globally generated, so the evaluation map A : H°(C)®Ox —> £ is 
surjective and ker(^) is a vector bundle of rank r on X. The vector bundle 
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T := ker(^) v fits in an exact sequence 

(3) 0 -A £ v -A £>® (r+1) -a T -A 0 

and it determines the Chern classes of T. If /i 1 (£ v ) = 0, e.g. £ is ample, 
then the sequence ([3]) gives h°(iF) = r + 1. If Y C X is the complete 
intersection of two elements of |£|, then we get Y as the dependency locus 
of a certain (r — l)-dimensional linear subspace of 

Remark 2.6. Assume that C is a curve with uic = Oc{c\ — ci(A)). If C 
has s connected components, then we have h°(tjjc(ci(X) — ci)) = s and so 
the Hartshorne-Serre correspondence shows that C gives a vector bundle £ 
with ci(£) = ci of rank r with no trivial factor if and only if 2 < r < s + 1. 


Remark 2.7. On a smooth threefold X, let us fix a very ample line bundle 
£ and a smooth curve C C X. Assume that Zc <8> £ is globally generated 
and take two general divisors Mi, M 2 £ |Zc <8> £|. Set Y := M\ 0 M 2 . By 
the Bertini theorem we have Y = C U D with either D = 0 or D a reduced 
curve containing no component of C and smooth outside C n D. 


From now on let us fix X to be the Segre threefold P 1 x P 2 , the product of a 
projective line and a projective plane. Let Vj and V 2 be 2 and 3-dimensional 
vector spaces with the coordinates \xq,x\\ and [ 3 / 0 j 3/1 j 2 / 2 ]» respectively. Let 
X = P(Vj) x P(I/ 2 ) and then it is embedded into P 5 = P(V) by the Segre 
map where V — V'i 0 V>- 

The intersection ring A(X) is isomorphic to ^(P 1 )® A(P 2 ) and so we have 

A(X)^Z[t 1 ,t2]/(tl4). 

We may identify A 1 (X) = Z® 2 by a\t\ + a 2 t 2 ^ (oi, 02 )- Similarly we have 
A 2 (X) = Z® 2 by b\tit 2 + b 2 t\ 1 — > ( 61 , 62 ) and A i (X) = Z by ct\t\ eA c. Then 
X is embedded into P 5 as a subvariety of degree 3 by the complete linear 
system |0_\-(1,1)|, because (t\ + t 2) 3 = 3iit 2 - 

If £ is a coherent sheaf of rank r on X with the Chern classes ci = (aq, 02 ), 
C2 = (61, 62) and C3 we have: 


ci(£(si, s 2 )) = (ai + rsi, a 2 + rs 2 ) 
c 2 (£(si, s 2 )) = c 2 + ci(si, s 2 ) + (si, s 2 ) 2 


X(£) = r + - 2ai + (ai + l)a 2 (a 2 + 3) 


— (ai + 2 , a 2 + 3 )(61,6 2 ) + C3 


for ( 61 , 62 ) £ Z® 2 . 

Now Proposition 12.31 implies the following when X = P 1 x P 2 . 


Corollary 2.8. We have the following one-to-one correspondences: 

(1) There is a bijection T i-a vr^J 7 ) between the spanned vector bundles 
of rank r on P 1 with degree a and the spanned vector bundles of rank 
r on X with c± = (a, 0). 
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(2) There is a bijection T !->• it 2 {P) between the spanned vector bundles 
of rank r on P 2 with c\ = b and the spanned vector bundles of rank 
r on X with c\ = (0,6). 

In particular we have a full classification of globally generated vector 
bundles on X with ci = (1,0) or (0, 6 ) with 6 < 2, since we have a full list of 
globally generated vector bundles on P 2 with ci < 2 in m- Thus we may 
assume ci = (a, 6 ) with a, 6 > 0. We will mainly work on all the cases with 
a + 6 < 3. 


3. Warm-up and case of ci = (1,1) 

Let £ be a globally generated vector bundle of rank r > 2 on X with 
the first Chern class ci = ( 01 , 02 ), ai > 02 > 0. Then it fits into the exact 
sequence 

(4) 0 -> of r ~ l) —> £ —> T c (ci) —y 0 

for a general r — 1 sections of £, where C is a smooth curve. Write C = 
C\ U • • • U C s with each C) connected. 

If the rank is r = 2, we have £ v = £(—c\) and uc = Oc{c\ — (2,3)). In 
this case we have h}{£ y ) = h l {Zc) since h l (Ox{— ci)) = 0 by the Kiinneth 
formula. Since s is the number of the connected components of C, we have 
h 1 (£ y ) = s — 1 . If r > 3, then we have c?,(£) = deg(wc((2, 3) — ci)) and 
cjc , (( 2, 3) — ci) is spanned. 

Remark 3.1. The intersection theory on X is given by two variables t\,t 2 
with the relations t\ = 0, = 0 and tit 2 = 1. Thus we have 

(afi + bt 2 ){ati + bt 2 ){ti + t 2 ) = (2abtit 2 + b 2 t\)(ti + t 2 ) = 2ab + 6 2 . 

Remark 3.2. Let Y C X be the complete intersection of two divisors of 
type \Ox{a,b)\ containing C. By Remark 13.11 we have deg(y) = 2ab + 6 2 , 
where deg(T) is the degree of Y as a curve in P 5 . By the Bertini theorem 
Y is a curve containing C and smooth outside C. Note that C occurs with 
multiplicity one in Y , because Zc(a,b) is spanned and so, affixing Pi G Ci , 
1 < « < s, we may find a divisor T E \Zc(a,b)\ not containing the tangent 
line of Ci at Pi. A Koszul complex standard exact sequence gives h 0 (Oy) = 1 
and so Y is connected. The adjunction formula gives uiy = Oy(2a — 2, 2b—3) 
and so we have 

2 p a (Y) - 2 = (afi + bt 2 )(ati + bt 2 )((2a — 2)ti + (26 - 3)t 2 ) 

= (-3 + 2b)2ab + 6 2 (-2 + 2a) 

= 26(3a6 — 3a — 6). 

Example 3.3. Let Y C A be any complete intersection of two elements 
of | Ox(a, 6 )| with (a, 6 ) G N 2 \ {(0, 0)}. We have ujy = Oy{2a — 2, 26 — 3) 
and hence uiy{2 — a, 3 — 6 ) = Oy(a,b). Therefore Y is not the zero-locus 
of a section of a bundle of rank 2. Note that h 0 (ojy(2 — a, 3 — 26)) = 
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(a + l)( b f)-2. As in Example l2.5l we see that Y gives a globally generated 
bundle with c\ = (a, b ) and Y is a dependency locus for a bundle of rank r 
if and only if 3 < r < (a + 1 )( 6 ^ 2 ) — 1. If r = (a + l)( b ^ 2 ) — 1, there is a 
unique bundle £ associated to some complete intersection curve. Since £ is 
unique, we have g*(£) = £ for each g £ Aut(X) = Aut(P 1 ) x Aut(P 2 ), i.e. 
£ is homogeneous. 

Let T be an integral projective curve. By the universal property of the 
projective spaces, there is a bijection between the set of morphisms u : T — 
X and the set of pairs (ui, tt 2 ) of morphisms u\ : T —> P 1 and u 2 : T —> P 2 . 
If u is an embedding, then we have 

deg (O u ( T) (a,b)) = adeg(ui) + bdeg(u 2 ) deg(u 2 (T)) 

with the convention that deg(?x 2 ) = deg(a 2 (T)) = 0 if u 2 (T) is a point. 

Now assume that u 2 (T) is a curve and T is smooth. Let u" : J —> u 2 (T) 
denote the normalization map and then there is a unique morphism u' : 
T —> J such that u 2 = v! o u". We have deg(ri 2 ) = deg(it'). 

Now take as T a connected component Ci of C. Write 

e[i\i ■■= deg(wi) and e[i ] 2 = deg(a 2 ) deg(tt 2 (C' i )). 

If e[i ] 2 / 0 , set e! 2 := deg(ii') and e" := deg(u 2 (T)). If e[i ] 2 = 0 , set 
e 2 = e' 2 ' = 0 . 

Definition 3.4. For a curve C C X, the bidegree of C is defined to be the 
pair of integers (ei,e 2 ) with 

( S S 

i= 1 i=1 

Indeed, we have e\ = deg(Oc(l, 0)) and e 2 = deg(O( 7 ( 0 ,1)). 

Lemma 3.5. Assume c\ = (a, 1) with a > 0. 

(i) We have e[z]i G {0,1} for each i £ {1,..., s}. 

(ii) If e[i\ 1 = 0, then e[i ] 2 = 1 and there are Pi € P 1 and a line Li C P 2 
such that Ci = {Fi} x Lj. 

(iii) If e[i\ i = 1 for some i, then s = 1 and C is rational. 

Proof. If e[i]i = 0, then there are Pi £ P 1 and Li £ |Op 2 (e[i] 2 )| such that 
Ci = {P 2 :} x Li. Since Xc(a, 1) is globally generated, we get e[i ] 2 = 1. 

Assume e[i\ 1 / 0 and then 7 ri(Cj) = P 1 . For a fixed point P £ P 1 , the 
degree of Oxifl, l)|{pj x p 2 is 1. Since Tc{&, 1) is globally generated, so we get 
deg(C D 7 rj” 1 (P)) = 1, i.e. e[*]i = 1. We also see that 7 ri|c. : C\ —>• P 1 has 
degree 1 and so Q is rational. If e\ / 0, we get deg^i^) = 1 and so there 
is a unique index i with e[z] 1 = 1 . Assume s > 2 and fix j £ { 1 ,... , s} \ {«}. 
Since e[j\± = 0, there is Pj £ P 1 and a line Lj C P 2 with Cj = {Pj} x Lj. 
Set {Pj, 0 } := Ci D {Pj} x P 2 . Since Ci fl Cj = 0, we have O (f. Lj and so 
{Pj} x P 2 is in the base locus of Tc(l, 1). □ 
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Lemma 3.6. Assume c\ = (1, b) with b > 0. 

(i) 7 T 2 |c : C —> P 2 is an embedding. 

(ii) e\ > 0 and C is isomorphic to a smooth plane curve of degree e 2 . 

Proof. Let us fix a point P € P 2 and set T := P 1 x {P}. Since Ot( 1,3 — 
b ) = Oy( 1 , 0 ) has degree 1 , so wr(l,3 — b) has negative degree and in 
particular it is not spanned. Thus T is not a connected component of C. 
Since Tq{ 1,6) is globally generated, we get deg(T fl C) < 1 for all P G P 2 
and so 7 T 2 | C : C —> P 2 is an embedding. Since each plane curve is connected, 
we get s = 1. Since 7 T 2 | C is an embedding, we also get that C is isomorphic 
to a smooth plane curve of degree e 2 - □ 

Proposition 3.7. Let £ be a globally generated vector bundle of rank 2 with 
ci (£) = (1,1) and no trivial factor. Then we have £ = Ox(l, 0) © Ox(0, 1). 

Proof. The zero-locus of a general section of Ox(l, 0)®Ox (0,1) has bidegree 
(0,1), because C2(Ox(l,0) ©Ox(0,1)) = 1 11'2 • Since Tc{ 1,1) is spanned, 
so C is contained in the complete intersection Y of two hypersurfaces in 
|X C (1,1)|- Note that we have deg(y) = 3 and wy = Oy( 0,-1); we have 
2 p a {Y) — 2 = (t\ + £ 2)^1 + £ 2 )(—^ 2 ) = —2 and so p a (X) = 0 . Thus we have 
deg(C) < 3 with the equality if and only if C = Y is a linear section of 
codimension 2 . 

The case of deg(C) = 3 is not possible since uc — Oc{— 1,-2). Now 
assume deg(C) < 2 . Since C 2 (Ox(l> 0 ) © Ox( 0,1)) = t±t 2 , the curves asso¬ 
ciated to Ox( 1, 0 ) ® Ox( 0 , 1 ) have bidegree ( 0 , 1 ). Since u>c — Oc(~ 1, — 2 ) 
and Ox( 1 , 2 ) is ample, each Ci is rational and e[i\\ + 2 e[i ]2 = — deg(wc , i) = 
2 . Thus each connected component Ci of C is a curve of bidegree (0,1). 
Lemma [3761 gives s = 1. Since h°(Oc( 0,1)) = 2 < h°(Ox( 0,1)), we 
have h°(Tc( 0 , 1 )) > 0 and so any associated bundle £ has a non-zero map 
/ : Ox(l 5 0) —> £ because of /i 1 (C?x(—1,0)) = 0. Since 1,1)) = 

/i°(X c ( 0 , 0 )) = 0 , so coker(/) is torsion-free, i.e. coker(/) = Tt( 0 , 1 ) with 
either T = 0 or T a locally complete intersection curve. Since C 2 ( 0 .\'(L 0) © 
Ox(0, 1)) = t\t 2 and C has bidegree (0,1), so we have T = 0. It implies 
£ = O x (l, 0 ) ©O Y ( 0 ,l), since /t 1 (O x ( 1 ,- 1 )) = 0 . □ 

Proposition 3.8. Let £ be a globally generated vector bundle of rank r > 3 
on X with ci = (1,1) and no trivial factor. Then we have r € {3,4, 5} and 
£ is one of the following: 

(i) 0 —> Ox{~ 1, —1) —» 0 ( 'x ' r+l> —* £ —> 0 with r € {3,4,5}, 

f/ie associated curve is the complete intersection Y of two hypersur¬ 
faces in |Ox(lj 1 )|; 

(ii) £ ^Ox(l, 0)ffi7r|(TP 2 (-l)). 

Proof. If the associated curve is the complete intersection Y of two hyper¬ 
surfaces in |0x(l, 1)| we are in the case (i) by Example 13.31 and so we may 
assume that the associated curve C is not a complete intersection. 
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Since in the case r = 2 no bundle has a section with s > 1 by Proposition 
EH we only need to check the smooth curves C with Xc{ 1,1) globally gen¬ 
erated and with wc(l, 1) globally generated, but not trivial. It only remains 
to check the cases with s = 1 and deg(C) = 2. C cannot have bidegree 
( 2 , 0 ), because it is irreducible. 

Now take a conic with bidegree (0,2). There are P G P 1 and C' € \Op 2 (2) | 
with C = {-P} x C. Then {P} x P 2 is in the base locus of Ic( 1,1). 

Hence the only bundles not associated to the complete intersection curve 
may come from a connected C with bidegree (1,1). For any such a curve C 
we have deg(u;< 7 (l, 2)) = 1 and h°(cuc(l, 2)) = 2. Thus it gives a bundle if 
and only if r = 3. Any connected curve C with bidegree (1,1) is associated 
to a pair (u\,U 2 ) with u± : P 1 —> P 1 an isomorphism and U 2 : P 1 —> P 2 
an embedding as a line. Hence for any two such curves C and C f , there is 
/ € Aut(X) with f*(C ) = C'. The bundle Sq := Ox( 1,0) © 7r2(TP 2 (—1)) 
has the Chern polynomial (1 + ti)(l + £2 + = 1 + ii +12 + t\t 2 + t\ + t\t\ 

and so it is associated to a connected curve with bidegree (1,1). For any 
/ G Aut(X) we have f*S o = So and so So is the only bundle associated to a 
curve of bidegree (1,1). □ 

Remark 3.9. If r = 5 and C = Y, then we have S = TP 5 (—l)| x , be¬ 
cause Remark 12.51 gives the uniqueness of such a bundle. We denote by 
S r the family of bundles obtained from (i). We may compute dim(5 r ) = 
/i 0 (O®( r+ 1 )(l, 1 )) — (r + l ) 2 and so we get 

dim (As) = 0 , diir^Sh) = 5 , dim(S > 3 ) = 8 . 

In fact S 4 is given by the pull-backs of TP 4 (—1) by a projection from a point 
of P 5 \X and S 3 is given by the pull-backs of TP 3 (—1) by a projection from 
a line of P 5 not meeting X. 

4. Case of ci = (2,1) 

Let Y be any complete intersection of two hypersurfaces in |0 .y( 2, 1)|. 
Since (2t\ + t 2 ){ 2 t\ + £ 2)^1 = 1 and (2ti + t 2 ){ 2 t\ + ^ 2)^2 = 4, we have 
deg(Oy(1,0)) = 1 and deg(CV(0,1)) = 4. In particular the connected curve 
Y C P 5 has degree 5. We have coy — Oy(2, —1). Since (2t\ + t2){2t\ + 
t 2 )(2ti — < 2 ) = —2, we have p a (Y ) = 0. It implies that the sectional genus 
of Ox( 2,1) is zero. Notice wy ^ Oy( 0, — 2 ), because deg(CV(0, — 2 )) = —4. 
Example 13.31 shows that Y gives a globally generated vector bundle of rank 
r if and only if 3 < r < 8. 

Lemma 4.1. Assume that Ic{ 2,1) is globally generated. Then one of the 
following cases occurs: 

(i) (s; ei, 62 ) = (1; 1, b ) with 1 < b < 4. 

(ii) (s; ei, e 2 ) = (s; 0, s) with 1 < s < 3. 

In particular there are s distinct points Pi G P 1 and lines Li C P 2 
such that Ci = {Pi} x L ? ; for each i; in this case 00 c — Oc{ 0, —2). 
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Proof. Since Y has bidegree (1,4), we have e\ < 1 and < 4. If ei > 0, we 
have s = 1 and 1 < e 2 < 4 by Lemma 13.51 

Now assume ei = 0. By Lemma l3.5l we have s = e 2 and there are Pi G P 1 
and a line Li C P 2 such that C,; = {Pi} x L ? > If (ei,e 2 ) = (0,4), then 
Y = C U D with D a line of type (1,0) since Y has bidegree (1,4). Since 
h°(Oy) = 1 (see Remark lT2l) . we get deg(HnC) > 4. Therefore Ic(2, 1) is 
not globally generated. □ 

Remark 4.2. We do not claim that each C listed in Lemma f4. II has Zc( 2,1) 
globally generated. The case (ei,e 2 ) = (1,4) corresponds to the complete 
intersection curve Y. We check in Example 14.71 that the case e 2 G {2,3} is 
realized. Since in both cases C is connected with arithmetic genus zero, we 
have h°(ujc{ 0,2)) = 2 e 2 — 1 and ojc( 0,2) is spanned (and trivial if e 2 = 1). 
Hence the existence part for the case (s;ei,e 2 ) = (1; 1,1) gives globally 
generated bundles with s = 1 and bidegree (1,1) if and only if r = 2, while 
the existence part for (s;ei,e 2 ) = (1; 1,6) with 2 < b < 4, gives bundles if 
and only if 3 < r < 26. 

Lemma 4.3. Consider a curve C with (s;e 1 , 62 ) = (2; 0,2). Then the asso¬ 
ciated bundle of rank r with no trivial factor is one of the following: 

(i) an extension of O x ( 2,0) by O x ( 0,1) if r = 2; either Ox (2,0) © 
Ox{ 0,1) or one of the bundles in the 2-dimensional family of Ulrich 
bundles in [8l Theorem 4.1]; 

(ii) O x (0, 1) © Ox(l, 0)® 2 ifr = 3. 

In particular such a curve C does not give bundles of rank higher than 3 
without trivial factors. 

Proof. Each connected component of C is a line of bidegree (0, 1). Since 
we — Oc{ 0, —2) and s = 2, the associated bundles have rank r G {2, 3} by 
Remark 12.61 In all cases we have c$(£) = 0. 

(a) First assume r = 2. Since (s; ei, e 2 ) = (2; 0, 2), so there are P\,P 2 G 
P 1 and lines L\, L 2 C P 2 such that C = {Hi} x L\ U { P 2 } x L 2 . In particular, 
we have 6°(2c(2,0)) > 0 and so there is a non-zero map / : Ox(0,1) —> 
£. Since L\ fl L 2 / 0, we have P\ / P 2 and so h°(Xc( 1,0)) = 0. Since 
h°(Ic(2,—l)) = 0, so coker(/) is torsion-free, i.e. coker(/) = 2^(2,0) with 
either T = 0 or T a locally complete intersection curve. Since ci(Ox(2, 0)) • 
ci(Ox(0,l)) = 2tit 2 and C has bidegree (0,2), we have T = 0. Since 
h l (O x {— 2,1)) = 3, we get non-trivial extensions of O x ( 2,0) by O x ( 0,1). 
Since the two line bundles are both Ulrich, any extension of them is again 
Ulrich (see [H Theorem 4.1]). 

(b) Assume r = 3. Let J- be the cokernel of a general map u : O x —> £ 
and v : £ —> T denote the quotient map. Since cz{£) = 0, so T is locally 
free and it is as described in (i). In particular O x ( 0,1) is a subbundle of 
T with O x (2,0) as its cokernel. Set Q := u -1 (C{\'(0,1)). Since Q is an 
extension of Ox(0,1) by O x , we have Q = O x © Ox (0,1). Therefore £ 
is an extension of Ox(2,0) by O x © Ox(0,1). In particular O x ( 0,1) is a 
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subbundle of £. Set Pi := £/O x { 0,1). W is a globally generated bundle 
of rank 2 on X with ci(T~L) = (2,0). Since £ lias no trivial factor and Ti 
is a quotient of £, so PL has no trivial factor. By Proposition 12.31 we have 
PL = O x { 1,0)® 2 . Hence £ = O x ( 0,1) © O x ( 1, 0)® 2 . □ 

Lemma 4.4. For a curve C with (s; ei, e 2 ) = (1; 0,1), the associated globally 
generated bundle with no trivial factor is O x ( 1,1) © O x (l, 0). In particular 
it has rank 2. 

Proof. Since s = 1, we only get a bundle of rank 2. We have ci(O x (l, 1)) • 
ci (O x (1,0)) = (ti+t 2 )ti = t\t 2 and so any curve associated to c\(O x (1,1))- 
ci(O x (l,0)) has bidegree (0,1). Now assume that C has bidegree (0,1) and 
then s = 1. Let £ be any associated bundle with no trivial factor. Lemma H.OI 
gives that £ has rank 2 and that there are PgP 1 and a line L CP 2 such that 
C = {P} x L. Since h°(I c ( 1,0)) = 1 and h°(l c (- 1,1)) = h°(l c ( 0,0)) = 0, 
there is a non-zero map / : O x { 1,1) —> £ with coker(/) torsion free, i.e. 
coker(/) = 1^(1,0) with either T = 0 or T a locally complete intersection 
curve. Since ci(O x {l , 1)) • ci(O x (l, 0)) = (ti + t 2 )t\ = tit 2 , we get T = 0 
and so £ = O x (l, 1) © O x (l, 0). □ 

Lemma 4.5. We have a curve C with (s;ei,e 2 ) = (1; 1,1) if and only if 
the associated globally generated bundle with no trivial factor is isomorphic 
to7T 2 *(TP 2 (-l))(l,0). “ 

Proof. Note that the bundle T := 7r2(TP 2 (—1))(1,0) is globally generated, 
ci(J r (l,0)) = (2,1) and /i°(J 7 (—1, 0)) = 3. Since h 1 (O x (— 1,0)) = 0, the 
associated smooth curve C' satisfies 1)) = 3. Thus C' C P 5 spans 

a plane and so it is connected, but not a line. Since C' is smooth, connected 
and rational, so we get that C' has (s; ei, e 2 ) = (1; 1,1). 

Now take any smooth C with (s;ei,e 2 ) = (1; 1,1) and let £ be the as¬ 
sociated bundle, uc = Oc{ 0, —2) implies that £ has rank 2. Since C is a 
smooth conic, we have h°{Ic(\. 1)) = 3 and so h°(£(— 1,0)) = 3, because 
of h}(O x (— 1,0)) = 0. Since ci(£(—1,0)) = 0, to prove the lemma it is 
sufficient to prove that £(0, —1) is globally generated. 

Let us fix a non-zero map / : O x —> £(— 1,0). Since h°(Ic( 0,1)) = 
h°(l c ( 1,0)) = 0, so / has torsion-free cokernel, i.e. coker(/) = ©t( 0, 1) with 
either T = 0 or T a locally complete intersection curve. Since h°(£(— 1,0)) = 
3, we get that T is a line of bidegree (0,1) and so ©t( 0, 1) is globally gen¬ 
erated. /i 1 (Ox) = 0 implies that £(—1,0) is globally generated and so 
£(—1,0) = 7T2(TP 2 (—1))(1,0) by Proposition [2751 □ 

Lemma 4.6. For a curve C with (s; ei, e 2 ) = (1; 1, 2), its associated globally 
generated bundle with no trivial factor is one of the following: 

(i) 0 A -(2,O)ffi7r 2 *(TP 2 (-l)) ;r = 3, 

(ii) 0 a -(1,O)©0 x (1,O)©t 2 *(TP 2 (-1)) ; r = 4. 
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Proof. Note that 

(1 + ii)(l + ti)(l + t2 + £ 2 ) = (1 + 2ti)(l + t 2 + i 2 ) 

= 1 + (2 t\ + t 2 ) + (2fj/ 2 “I - t 2 ) T H^ 2 - 

Thus both bundles in the assertion are associated to a curve with bidegree 
(1,1). By part (iii) of Lemma 13.51 we have s = 1 in both cases. We have 
C = P 1 , deg(cac(0,2)) = 2, h°(uc(0,2)) = 3 and hence C is associated to a 
bundle of rank r if and only 3 < r < 4. C is associated to (rti,u 2 ), where 
u\ : P 1 —> P 1 is an isomorphism and either u 2 : P 1 —P 2 is an embedding 
as a smooth conic or deg(u 2 ) = 2 and u 2 (P 1 ) is a line. 

Assume that the latter case occurs and call L := u 2 (P 1 ) C P 2 the associ¬ 
ated line. Let Q be the rank 2 reflexive sheaf fitting in an exact sequence 

O^Ox -^g-Hc(l,2) -M). 

We have 03 (G) = deg(u;c(0, 2)) = 2. Since C C P 1 xL, we have h°(Ic( 1,1)) = 
2. Since h 1 (Ox( 0,-1)) = 0, we get hP(Q( 0,-1)) = 2. Since h°(Xc( 0,1)) = 
h°(l c ( 0,1)) =0, a non-zero section of £7(0, —1) induces an exact sequence 

0 Ox -» G( 0, -1) ->• X T (1,0) -A 0 

with T a locally Cohen-Macaulay curve and /i° (It (1,0)) = 1. We get that T 
is a line of bidegree (0,1) and hence 03 (G) = cs(£7(0, —1)) = deg(a;T(0,2)) = 
0, a contradiction. Hence u 2 is always an embedding. 

For any two C and C' as above, there is / € Aut(X) such that f*(C) = C'. 
Since both bundles in the assertion are invariant after taking pull-back /*, 
we get the lemma. □ 

Any irreducible element of \Ox(2, 1)| is an irreducible surface of degree 
4 spanning P 5 , i.e. it is a minimal degree surface in P 5 . Inspired by the 
classification of minimal degree surfaces we make the following construction 
which proves the existence part for s = 1 and the bidegrees (1, b), 1 < b < 3. 

Example 4.7. Set To := P 1 x P 1 and take h £ jOpi x pi (1, 0)| and / € 
|Opi xP i (0,1)|. Let W C P 5 be the image of Fq by the very ample linear 
system \h + 2f\. Therefore / € |C ) w(l)0)|, \h + f\ = |C?w(0,1)| and \h\ = 
|C>w(—1) 1)|- Each element of \h\ is a conic of P 5 , while each element of 
I/I is a line of P 5 . Take D € |ah + bf\ with a > 0 and b > 0. The line 
bundle 0^(h + 3 f)(—D) is globally generated if and only if 0 < a < 1 and 
0 < b < 3. D is a connected smooth rational curve if and only if either a = 1 
or b = 1. 

Now we prove that W is contained in X (it would then be an element 
of \Ox(2, 1)|, because deg(W) = 4 and |h + 3/| and |3 h + /1 are the only 
complete linear systems on W associated to an ample line bundle C with 
h°(C) = 8). We need to find two morphisms /1 : W —P 1 and / 2 : W —P 2 
such that (/ 1 , / 2 ) is an embedding. We saw that we need to take f\ associated 
to the complete linear system |/| and / 2 associated to a linear subspace of 
codimension 1 in the complete linear system \h+f\. Let V C H°(Oyy(h +/)) 
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be a general hyperplane. Since dirn(V) = dim(W) + l, it induces a morphism 
/ 2 : W —P 2 with deg(/ 2 ) = 2. The morphism tp = (/i, / 2 ) has the image 
contained in X. We only need to check that for a general V the morphism <p 
is an embedding. We first check that deg(y?) = 1. Indeed, since deg(/ 2 ) = 2, 
it would be sufficient to observe that for general V some points Pi, P 2 € W 
with / 2 (Pi) = /hCfh), {P\- Pi } is not contained in a ruling of Fq. The 
complete linear system \h + f\ induces an embedding of W into a smooth 
quadric surface in some P 3 and we may take as V the hyperplane associated 
to the linear projection from a general point of P 3 . Since deg(c^) = 1, 
ip( W) is a non-degenerate surface of degree 4 embedded in X. Now we use 
the classification of minimal degree non-degenerate integral surfaces of P 5 . 
Since /2 is a finite morphism, tp is finite. We know that p(W) spans P 5 
from deg(X) = 3. Since p(W) has not Z as its Picard group, p{ W) is not 
the Veronese surface. Since p(W) C X, either p(W) = W or F 2 (the other 
minimal degree smooth surface of P 5 ) or the cone over the rational normal 
curve of P 5 , up to a projective equivalence. In particular p(W) is a normal 
surface. Since p(W) is normal and p is finite and birational onto its image, 
<p : W —> ip(W) is an isomorphism by the Zariski’s Main Theorem. Fix 
b € {1,2,3} and let C C W be any smooth element of |h + bf\. We saw that 
^C,w{h + 3/) = C%((3 — b)f) is globally generated. Since W € \O x (2, 1)| 
and C%(2,1) = 0^{h + 3/), we get that C is globally generated. 

Hence we proved the following result. 

Theorem 4.8. There is a globally generated vector bundle £ of rank r > 
2 on X with c\(£) = (2,1), no trivial factor and associated curve with 
(s;e 1 , 62 ) as associated data if and only if the quadruple (s; ei, e 2 ; r) are in 
the following list: 

(1) (s; 0, s; r) with l<s<3;2<r<s + l, 

(2) (1; 1, b ; r) with l<6<4;r = 2 if b = 1, and 3 < r < 2b if b > 2. 
Indeed we have 

(i) (s; 0 , s; r) = ( 1 ; 0 , 1 ; 2 ) £ = O x (l, 1 ) © O x (l, 0 ). 

(ii) (s; 0, s; r) = (2; 0, 2; 2) £ = Ox( 2,0) © 0x(0,1) or £ is an Ulrich 

bundle arising from the non-trivial extensions 

O-> 0 X (O, 1 ) -*OxM -a 0 , 

(hi) (s; 0, s; r) = (2; 0, 2; 3) 44 £ =* O x (l, 0 )® 2 © O x (0, 1). 

(iv) ( S;ei ,e 2 ;r) = (1; 1,1; 2) ^ £ ^ tt* 2 (T¥ 2 (-1))(1,0). 

(v) (s; ei, e 2 ; r) = (1; 1,2; 3) 44 £ =* O x ( 2,0) © tt 2 *(TP 2 (-1)). 

(vi) (s;ei,e 2 ;r) = (1; 1, 2 ; 4) 4^ £ O x (l, 0 ) © O x (l, 2) © tt 2 *(TP 2 (- 1 )). 

5. Case of ci = (1,2) 

Let £ be a globally generated vector bundle of rank r > 2 on X with 
ci(£) = (1, 2 ) and then it fits into the sequence (jl|) with ci = (1, 2 ). Then C 
is contained in a complete intersection Y of two hypersurfaces in O x ( 1,2). 
Since (t\ + 2t 2 )(ti + 2f 2 ) = 4tit 2 + 4t 2 , the curve Y has bidegree (4, 4) and 
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degree 8 . We have uiy — Oy (0,1) and so 2p a (Y) — 2 = (ti+2t 2 )(ti+2t 2 )t 2 = 
4, i.e. Y has genus 3. Since uy( 1,1) has degree 12 , then h°(uy( 1,1)) = 10 
and so the curve Y gives a spanned bundle for all ranks r with 3 < r < 11 
(see Example 13.31) . Lemma 13.61 gives s = 1. i.e. the smooth curve C of 
bidegree (ei,e 2 ) is connected. 

Remark 5.1. Since Y has bidegree (4,4), for any C we have e± < 4 and 
62 < 4. Let g be the genus of the connected curve C. Since each complete 
intersection of two ample divisors is connected, we get g < 3. Lemma 13.61 
gives that g G {0,1,3} and 

(i) g = 3 e 2 = 4; 

(ii) g = 1 4=> e 2 = 3; 

(hi) g = 0 4=> e 2 € { 1 , 2 }. 

Lemma 5.2. For spanned bundles of rank 2, we have the following: 

(1) Ox( 1,1) ©O.y(0,1) is the only bundle whose associated curve has 
bidegree ( 1 , 1 ). 

(2) Ox( 0,2) ©0_y(LO) is the only bundle whose associated curve has 
bidegree ( 0 , 2 ). 

Proof. Since the rank is 2 , we get ojc = Oc(— 1, —1) and ti — 

t 2 ) = (—ei — e 2 )t\t\. It implies p a (C) = 0 and e\ +e 2 = 2 . Since s = 1 , any 
bundle associated to a curve with bidegree either ( 0 , 2 ) or ( 1 , 1 ) has rank 2 . 
Let £ be any rank 2 bundle associated to a smooth curve C with bidegree 

(1.1) , i.e. t\t 2 + 1\ as its associated polynomial. Since C is connected and 

rational and deg(0c(O,1)) = 1 = h°(Ox(0, 1)) — 2, there is a non-zero map 
/ : Ox( 1,1) —> £■ Since h°(Xc(0, 0)) = h°(Zc(~ 1,1)) = 0, so coker(/) is 
torsion-free, i.e. coker(/) = T-t( 0,1) with either T = 0 or T a locally Cohen- 
Macaulay curve. Write c 2 (T) = 0 if T = 0, while call C 2 (T) the associated 
polynomial at±t 2 + bt\ with a := deg(0;r(l, 0)) and b := deg(0T(0,1)) (if 
T is not reduced, then for any line bundle C on T the integer deg(£) is 
the constant term of the Hilbert polynomial of C with respect to any very 
ample line bundle on T). Since C 2 (Ox(l, l)©C ) x(0,1)) = = c 2(£) = 

c 2 (T) + c 2 (Ox( 1,1) © Ox( 0,1)), so we have T = 0. 

Now let £ be any rank 2 bundle associated to a smooth curve C with 
bidegree (0,2). Since C is connected and rational and deg(Oc’(0,2)) = 
4 = h°(Ox( 0,2)) — 2, there is a non-zero map / : Ox(0,2) —> £. Since 
h°(Ic( 0,1)) = h°(I c (— 1,2)) = 0, so coker(/) is torsion-free, i.e. coker(/) = 
2 t( 0, 1) with either T = 0 or T a curve. We have T = 0, because c 2 (Ox (0,2)© 
Ox(l, 0)) = 2 t\t 2 = c 2 (£). □ 

Lemma 5.3. Let £ be a globally generated vector bundle on X with c\ = 

(1.2) and no trivial factor whose associated curve is connected with bidegree 

(1.2) . Then we have £ = Ox( 1,0) © Gx( 0, l)® 2 - 

Proof. Take any smooth and connected curves C C X with bidegree (1,2) 
and call £ any bundle associated to C. Then C is rational and so ojc( 1,1) is 
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a line bundle of degree 1. In particular £ has rank 3 and it is obtained using 
the Serre correspondence by the complete linear systems |cuc(l 5 l)|- The 
embedding C C X is obtained by an isomorphism P 1 —P 1 of degree 1, i.e. 
by the complete linear system |0pi(l)|, and by a morphism j : P 1 —> P 2 
induced by a base point-free linear subspace V of H 0 (O P i(2)). 

Assume for the moment that C is not obtained by the complete linear 
system |0pi(2)| and then we get that ^(P 1 ) is a line LcP 2 . Then we have 
C C P 1 x L as an element of |Opi x ^(2,1)| and so Zc (1,2) is not globally 
generated, a contradiction. 

Now let C' be another smooth and connected curve with bidegree (1,2) 
and call £' any bundle associated to C'. We may assume that both C and 
C' are obtained by the complete linear system |C? P i(2)| and then we get 
that C and C' are projectively equivalent, i.e. there is g G Aut(X) with 
g(C') = C. Since £ and £' are obtained using the Serre correspondence by 
the complete linear systems |wc , (l ; l)| and |wc/(l, 1)|, we get g*(£') = £■ 
The homogeneous vector bundle Ox (1,0) © Ox( 0, l)® 2 is obtained in this 
way and so we get £ = Ox{ 1,0) © Ox{ 0, l)® 2 . □ 

Lemma 5.4. Any pair in the set {(re, 4), (y, 3) | 0 < x < 3 , 0 < y < 1} 
cannot be a bidegree of a curve associated to a globally generated bundle. 

Proof. (a) Assume that a bidegree (x, 4) with 0 < x < 3, is achieved by a 
bundle £ with C as an associated curve. By Remark 15.11 C is a smooth and 
connected curve of genus 3. The case x = 0 does not occur, because there are 
PeP 1 and C' € |0p2 (4)| such that C = {P} x C' and so even Zq( 3,3) is not 
globally generated. Thus we have h l (Oc( C 1)) = 0. The case x = 1 does not 
occur, because no curve of genus 3 has a very ample line bundle of degree 5 
(or because Tti\ c '■ C —> P 1 is not an isomorphism). Now assume 2 < x < 3. 
Since hf(Oc( 1,1)) = 0, we have h°(Oc( 1,1)) < 6. Therefore h°(Zc( 1,1)) > 
0 and so /i°(£(0, — 1)) > 0. Let / : Gx( 0,1) —> £ be a general map. 
Since h°(Ic{ 0,1)) = h°(Lc( 1,0)) = 0, so coker(/) is torsion-free and so 
coker(/) = Zt{ 1,1) with either T = 0 or T a curve. We have T ^ 0, because 
£ / Ox{ 0,1)ffiC? jjc( 1,1). Setting a := deg(Or(R 0)) and b := deg(Cr(0,1)), 
we have At\t 2 + xt\ = C 2 (£) = C 2 (Ox( 0 ,1) ffi Ox( 1,1)) + at\t 2 + bt\ and so 
(a, b ) = (3, x — 1). Since Zt{ 1,1)) is globally generated and deg(A) = 3, we 
get deg(T) < 3, i.e. a + b = x + 2<3, a contradiction. 

(b) Let C be a smooth curve of bidegree (y, 3) with 0 < y < 1. Assume 
that Zq{ 2,1) is globally generated and £ is an associated bundle with C 2 (£) = 
3tit 2 + y* 2 - If V = 0, then there are P £ P 1 and C' € |C?p 2 (3)| such that 
C = {P} x C' and so even Zc{ 2, 2) is not globally generated. The case y = 1 
is not possible, because C has genus 1 and so ni\ c is not an isomorphism. □ 

Lemma 5.5. The bidegree (4, 3) is not the bidegree of a smooth curve C 
withZc(l,2) globally generated. 

Proof. Assume that C is curve of bidegree (4, 3) with Zc( 1, 2) globally gener¬ 
ated. Remark 15.11 gives that C is connected with genus 1. Take Y = CL)D. 
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Since D is a curve with bidegree (0,1), it is a line of type (0,1). Since 
p a (Y ) = 3, we have deg(Z) DC) > 1 and so D is contained in the base locus 
of Xc(l, 2), a contradiction. □ 

Lemma 5.6. For each 0 < x < 4, the bidegree ( x , 2) is realized by a globally 
generated bundle. 

Proof. Fix a general set 5cP 2 with jj(5) = x and set T := P 1 x S. T is a 
union of x disjoint lines of type (1,0). The line bundle uit( 3,1) is globally 
generated and so a general section of it defines an exact sequence 

(5) 0 > (9x(l) 0) > F > Tt(0, 2) > 0 

with F a reflexive sheaf of rank 2 with 03 (F) = deg(cur(3,1)) = x. Since 
x < 4 and no three points in S are collinear, F SV 2 ( 2 ) is globally generated. 
Thus the sequence © gives that F is globally generated. Let 

( 6 ) 0-+O x ^F-+l c (l,2) ^0 

be the exact sequence associated to a general section of F. Since T is smooth, 
so is C (see cm, m Theorem 3.2], ]5|). Since F is globally generated, so 
is Ic( 1,2). Since xt^ is the polynomial associated to T, then © gives 
02 (F) = 2 t\t 2 + xt\. Therefore C has bidegree (x, 2). □ 

Lemma 5.7. There exist subschemes T C X such thatuxi 1,3) andFx( 1,1) 
are globally generated as in the following list: 

(1) a line of bidegree (0,1); (m,n) = (1,4); 

(2) a smooth conic of bidegree (1,1); ( m,n ) = (2,3); 

(3) a smooth rational curve of bidegree (1,2); ( m,n ) = (6,2), 

where (m,n ) := (deg(cJT(l, 3)), /i°(2r(l, 1))). 

Proof. For each line T, Tt( 1,1) is globally generated. If T has bidegree 
(0,1), then deg(cuT(l ) 3)) = 1. Since T is rational, so wt( 1 5 3) is globally 
generated. Obviously we have /i°(2)r(l, 1)) =4. 

Since (t\ + £ 2)^1 + £ 2 ) = 2^2 + so a general complete intersection T 
of two elements of |0^(1,1)| is smooth rational curve with bidegree (2,1). 
As T is a complete intersection curve, we get that Tt(1, 1) is globally gen¬ 
erated with hP (Ft (1,1)) = 2. Since T is smooth and rational, we have 
deg(w 7 ’(l, 3)) = 1 + 6 — 2 = 5 and ojt( 1, 3) is globally generated. Fix a line 
L C P 2 . The quadric P 1 x L is a hyperplane section in |0 _y( 1, 1) |. Take as 
a smooth conic of type (1,1) a smooth element of |Opi xi (l, 1)|. □ 

Lemma 5.8. The bidegrees (1,2), (2,2) and (2,3) are associated to some 
globally generated bundle £. 

Proof. Take T as in Lemma [577] A general section of lot( 1,3) gives a reflexive 
sheaf of rank 2 on X fitting in the exact sequence 
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with C 3 (J 7 ) = deg(wT(l 5 3)) = 1, h°(T) = 2 + /i°(Tr(l,l)) and T globally 
generated. A general section of T induces and exact sequence 

( 8 ) 0 -»>Ox-»-^-> 2 c(l, 2)->0 

with C a locally Cohen-Macaulay curve. Since T is globally generated, so is 
Zc{ 1, 2 ). Since T is smooth, C is also smooth (see [TO], [9[ Theorem 3.2], 0 )- 
Therefore C is one of the curve in Remark 15.11 and we only need to check 
which bidegree is realized by each T. The integer c^J 7 ) = deg(tvr(l, 3)) 
is the integer deg(o;c(l, 1 )), because J 7 is also obtained from a section of 
u;c(l, 1)- Thus we have 

{ 1 , if T is a line; 

2, if T is a smooth conic; 

6 , if T is a smooth rational curve of bidegree (1, 2). 

If C has genus 3, then Remark 15.11 gives that it has bidegree (4,4) and so 
deg(u;c(l, 1)) = 10. If C has genus 1, then deg(wcr(l, 1)) = e\ + 3. If C is 
rational, then deg(wc(l, 1)) = e\ + — 2. Since e 2 < 2 for a rational case, 

we see that the curve T with bidegree (1,2) gives a rational curve C with 
bidegree (2, 3), the line T gives a rational curve C with e\ + e 2 = 3 and the 
smooth conic T gives a rational curve with e\ + e 2 = 4. 

Assume that T is a line of bidegree (0,1) (i.e. it is associated to f^)- By 
([Tjl we get that C 2 (J 7 ) is represented by tit 2 +t 2 (ti+t 2 ) = 2 t\t2+t2 and so ([5]) 
gives that C has bidegree (1,2). Now assume that T is a conic of bidegree 
(1,1), i.e. it is associated to t\t 2 + t\. We get C 2 {J 7 ) = t\t 2 + t\ + t 2 {t\+t 2 ) = 
2 t\t2 + 2t\, i.e. C has bidegree (2, 2). Now assume that T has bidegree (1, 2), 
i.e. it is associated to 2 t\t2 + t Since C 2 {Z) = 3 t\t2 + 21 \, we get that C 
has bidegree (2,3). □ 

Lemma 5.9. The bidegree (3,3) is realized by a globally generated bundle. 

Proof. Every smooth and connected curve C <Z X with bidegree (3, 3) is 
obtained in the following way: Fix a smooth elliptic curve C and two line 
bundles C\ and C 2 of degree 3 on C. Since 3 = 2p a (C) + l, these line bundles 
are very ample and non-special with hP{Ci) = 3. Take V 2 : = 2 ), while 

take as V\ any 2-dimensional linear subspace of 1 ) without base points. 
In particular -K 2 \ c is always an embedding and so deg( J D C) < 1 for each 
line J C X of bidegree (1,0). Fix any smooth and connected C (Z X with 
bidegree (3,3). Since h°(Oc(3, 3)) = 6 by the Rieman-Roch theorem, we 
have h°(lc{ 1,2)) > 3. We easily see that h°(Ic( 1,1)) = 0, but we only 
need it for at least one curve C. 

Claim 1: There are only finitely many lines J of type (0,1) with deg( Jn 

C) > 2. 

Proof of Claim 1: If Claim 1 fails, then C is contained in an integral 
surface S C X ruled by lines of type (0,1) such that deg( J n C) > 2 for a 
general line J of the ruling of S. The map 7 Ti| s shows that the ruling of S 
is induced by tt\. Since C has bidegree (3, 3), we get deg(J n C) = 3 for a 
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general line J of the ruling of S and so we have h°(Ic( 1) 2)) = h°(ls( 1, 2)). 
Since deg(0c(O,1)) > 2, we have /i°(2c(0,2)) = 0. Since h°(2c(l,l)) = 0, 
we have S £ |0x(l,2)|. Hence h°(Ts( 1,2)) = 1, a contradiction. □ 

Fix a general line L C P 2 and then, by Claim 1, the set A := C D (P 1 x L) 
is formed by three points such that no two of them are contained in a line of 
the quadric P 1 x L. Thus the unique D € 1)| is a smooth rational 

curve and it has bidegree (1,1) as a curve of X. Since d = CflT as schemes, 
the curve C U D is connected and nodal with p a (C U D) = 3 and bidegree 
(4,4). Since /i o (0d( 1, 2)) = 4 and jj(A) = 3, we have /i°(2cu_d( 1,2)) > 
hP (2c(1,2)) — 1 > 2. Since C U D has bidegree (4,4) and C is contained in 
no element of \Ox0-, 1)| or |C?x(0, 2)|, so CL)D is the complete intersection of 
two elements of |0 .y( 1, 2)| and2cu£>(l, 2) is globally generated. In particular 
Xc(l,2) is globally generated outside the points of D. Fix general lines 
L[ C P 2 for i = 1,2, and set Ai := C FI L t and Di £ 12^(1,1)|. Since 
2cu£> i (l,2) is globally generated, so Xc(l,2) is globally generated outside 
the points of Di. Since we may assume L n L\ n L 2 = 0, so we have 
D n D\ n L >2 = 0 and hence 2c(1, 2) is globally generated. □ 

Lemma 5.10. A bidegree in the set {(x, 1) | 0 < x < 4} is realized by a 
globally generated bundle if and only if x £ {1,2}. 

Proof. Assume that a curve C with bidegree (x, 1) is realized by a globally 
generated bundle £, say of rank 3. By Remark 15.II (7 is smooth and rational. 
Taking the quotient of £ by the image of a general section, we obtain a 
globally generated reflexive sheaf T of rank 2. Since h°(Oc(0,l)) = 2 < 
h°(Ox( 0,1)) and h l (Ox{— 1, — 1)) = 0, we get /i°(2'(—1, —1)) > 0. Since 
h°(2c(—1,1)) = h°(2c(0,0)) = 0, a general map / : 0x(l,l) —> X has 
torsion-free cokernel and so coker(/) = 2p(0,1) with either T = 0 or T a 
locally Cohen-Macaulay curve, i.e. X fits in an exact sequence 

(9) 0 —> 0x0-, 1) —^ X —> 2^(0,1) —> 0. 

Since X is globally generated, so is 2p(0,1) by Q. If Lq,Li,L 2 C P 2 are 
three lines, then we have 

(P 1 x L 0 ) n (P 1 x Li) = P 1 x (L 0 n Li) 

for i = 1,2. Thus we have either T = 0 or T is a line of type (1,0). 

If T = 0, then C 2 (X) = M 2 + and so C has bidegree (1,1). This 
case is realized by 0 .y(1, 1) © Ox(0, !)• Let T be a line of bidegree (1,0). 
Since u>t( 3,3) is globally generated, a general section of wt( 3, 3) induces 
an extension ([9]). Since T is a complete intersection of two elements of 
\Ox{0, 1)|, X is globally generated. Thus a general section of X induces an 
exact sequence flS|) with 2c (1,2) globally generated and C 2 (X) = (^+^ 2)^2 + 
t 2 , i.e. C has bidegree (2,1). We may take as C a smooth curve ([10j, [9l 
Theorem 3. 2], 0 ). □ 
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Proposition 5.11. Let £ be a globally generated vector bundle of rank r > 2 
on X with ci = (1,2) and no trivial factor, associated to a curve of bidegree 

(2.2) . Then we have r G {3,4} and cz(£) = 2. Indeed we have 

(1) £ “ 7 t^(TP 2 (- 1 )) © O x {\, 0) © O x (0, 1) if r = 4; 

(2) £ is the cokernel of a non-zero map 

Ox -► tt 2 *(TP 2 (- 1 )) © O x ( 1, 0) 0 O x ( 0,1) 
with locally free cokernel if r = 3. 

Proof. The bundle 7 t|(TP 2 (—1)) © Ox{ 1,0) © Ox{ 0,1) has C 3 = 2 and it is 
associated to a curve of bidegree (2,2), because (1 + ti)(l + f 2 )(l + £2 + t 2 ) = 
1 + t\ + 2f 2 + 2tif 2 + 2f 2 + 2tit 2 . Let H be the open subset of the Hilbert 
scheme of X parametrizing all smooth and connected curves of bidegree 

(2.2) associated to a pair ( U\,U 2 ), where u\ : P 1 —> P 1 is a degree 2 mor¬ 
phism and U 2 ■ P 1 —> P 2 is an embedding of P 1 as a smooth conic. By 
Lemma 13.61 these are the only curves with bidegree (2, 2) associated to a 
globally generated bundle. Since U 2 is given by the complete linear system 
\Op2(2)\, so HI is irreducible. 

Fix any C G H and let Nq be the normal bundle of the inclusion C <Z X. 
Since X is homogeneous, Nc is spanned. Since C = P 1 , we get h l {Nc ) = 0 
and so H is smooth at C of dimension 

h°(N c ) = deg(w)(-| c ) - deg(rP x ) + rank(iVc) = 10. 

Since C is an arbitrary element of H and H is irreducible, to see that H is 
an orbit by the action of Aut(X) on H, it is sufficient to prove that the orbit 
of C has dimension 10. Since Aut(AT) = Aut(P x ) x Aut(P 2 ) has dimension 
11, it is sufficient to prove that the stabilizer of C has at most dimension 
1, i.e. for a general O G C there are only finitely elements g G Aut(X) 
with g(C ) = C and g{0 ) = O. Take (u\,U 2 ) associated to C and call P,P' 
the two ramification points of the degree 2 morphism u\ : P 1 —> P 1 . Take 
as O any point of P 1 \ {P,P r }. Since the identity is the only element of 
Aut(P 1 ) fixing 3 points of P 1 , there are only finitely many h G Aut(P 1 ) with 
h(0) = O and h{{P, P'}) = {P,P'}. 

Now assume r = 4. Since 7r 2 (TP 2 (—1)) © Ox{ 1,0) © Oa^O, 1) is invariant 
under the pull-back /* for any / G Aut(X) and H is an orbit of Aut(X), we 
get £ ^ 7r 2 (TP 2 (—1)) © O x ( 1,0) © O x ( 0,1). 

Now assume r = 3. Take any C G H associated to £. Since h°(ujc{ 1,1)) = 
3, the Ext*-sequence associated to ([2]) gives h l {£ w ) = 1 and so £ fits into a 
non-split exact sequence 

0 —)• Ox —> Q —> £ —> 0. 

Since we proved that Q = 7r 2 (TP 2 (—1)) © 0\( 1, 0) © Ox{ 0,1), we get part 

( 2 ). □ 

Theorem 5.12. If £ is a globally generated vector bundle of rank r > 2 on 
X with c\ = (1,2) and no trivial factor, then we have 
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(1) if r = 2 , then 8 is isomorphic to either 

0 X (O,1)©O Y (1,1) or O x (1,0)© O x (0,2). 

(2) if r > 3, then the quadruples (r,s; 01 , 02 ) corresponding to 8 that 
realizes a curve C with s connected components and bidegree ( 01 , 02 ) 
are the following ones: 

(i) (s; 01 , 02 ) = (1; 4,4); C the complete intersection curve with 
genus 3; 3 < r < 11; 

(ii) (s;ai,o 2 ) = (1,2,3); 3 < r < 8 ; 

(hi) (s;ai,a 2 ) = (1; 3,3); 3 < r < 7; 

(iv) (s; ai, 02 ) = (1; x, 2) for 1 < x < 4; 3 < r < x + 2; 
x = 1 aaS = O x (l,0) © O x ( 0, l)® 2 ; 

(v) (s;ai,a 2 ;r) = (1; 2,1; 3). 

Proof. In Remark 15.11 we look at the curves C with ©c( 1,2) globally gen¬ 
erated and with uc( 1,1) globally generated. In all cases we have s = 1, 
i.e. C is connected. The ones giving bundles of rank 2 are the connected 
curves with bidegree (1,1) and (0,2). Lemma [5~2l savs that they only give 
the bundles in the assertion (1). Since s = 1, these bidegrees do not give 
higher rank bundles with no trivial factor. Now assume r > 2. Each 
smooth curve C with 1^(1,2) spanned, wc(lil) globally generated and 
wc(l, 1 ) 7 ^ Oc gives a spanned bundle of rank r with no trivial factor if 
and only if 3 < r < h°(ojc( 1,1))- Among the bidegrees listed in Remark 
15.11 some of them give bundles (see Lemmas 15.61 15.81 15.91 15.101 but the 
bidegree (0,2) corresponds to O x ( 1,0) © O x ( 0,2) and the bidegree (1,2) 
to Ox (1,0) © O x ( 0, l)® 2 by Lemma [5.31) and all the remaining ones are 
excluded (see Lemmas 15.4115.5115.101) . □ 

Remark 5.13. See Proposition ^, lll for a description of the case (s; ai, 02 ) = 
(2; 2, 2). 
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